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Abstract 



We study geometric transitions on Calabi- Yau manifolds from the 
perspective of the B model. Looking toward physically motivated pre- 
dictions, it is shown that the traditional conifold transition is too sim- 
r~| , pie a case to yield meaningful results. The mathematics of a nontrivial 

example P is worked out carefully, and the expected equivalence is 
demonstrated. 



1 Introduction. 

Dualities in physics have led to many surprising connections in mathematics. 
In mirror symmetry jTTj, we find that the variation of Hodge structure on 
a family of Calabi- Yau manifolds gives enumerative information on curve 
number for a completely different Calabi- Yau family. More recently [H],[Z!, 
[THj . it has been shown that Chern-Simons computations on T*S^ can be used 
to compute disc numbers, as well as Hodge integrals, on 0{—l) © 0{—l) — *• 

The equivalences we look for depend on which string theories are ex- 
changed under the given physical duality. For instance, in the case of mirror 
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symmetry, type A and B string theories are exchanged; we can have either 
closed or open A (resp. B) string theory on each side ^n];C3- ^^^^ 
that both sides are closed, we are exchanging the complexified Kahler mod- 
ulus on the A family with the complex modulus on the B family; if both 
sides are open, then in addition we must consider the position of Lagrangian 
submanifolds on the A side and holomorphic submanifolds on the B side. 

For the geometric transition {T*S^) ^(C(-l) © 0{-l) P^), in which 
the of T*S^ shrinks and is replaced by a blown up P^, the basic duality is 
that open A type strings on T*S^ are supposed to be equivalent to closed A 
type strings on 0{—l) © 0{—l) P^. Taking the mirror of this, if Yz-^ is the 
mirror of(9(— 1)©(9(— 1) P^and Yg is the mirror of T*S^, then we expect 
an equality between open B strings on Ys and closed B strings on y^^. 

The purpose of this paper is to clarify the mathematics of such proposed 
dualities [T|, taking the above case as a starting point. While the com- 
putations are motivated by physics, the calculations themselves are purely 
mathematical and require no physical background. 

Section 2 reviews the A and B model of the conifold transition, and points 
out problems in this case. Section 3.1 — 3.2 works out the geometric transition 
for a more complex case, and 3.3 describes the predicted duality. Sections 
3.4 — 3.5 compute the functions that should be equal under the duality, and 
3.6 demonstrates equality. 

Acknowledgements. I would like to thank Masaki Shigemori for help- 
ful discussions, and Shinobu Hosono and Simeon Hellerman for comments. 
Finally, I thank Kefeng Liu and the Center of Mathematical Sciences at 
Zhejiang University for their hospitality while this work was completed. 



2 Review of the Conifold Transition. 

The aim of this section is to provide exposition on the simplest possible exam- 
ple of equivalences through geometric transitions. Here we will show that the 
basic conifold transition is not sufficient to yield mathematical predictions 
for the A or B model transition. 



2 



2.1 A-model perspective. 

Before giving the details of the spaces involved in the B model, it is helpful 
to first review the original formulation of the conifold transition, namely, 
when the spaces on both sides of the transition are considered in the A 
model case. First, we will review the geometry of the conifold transition, 
and afterwards describe what mathematical equalities are expected to follow 
from the physics. 

We begin with the space Xa = T*S^, which can be given as a hypersurface 
{{wi, . . . , W4) G C"^ : W1W2 + WsW4 + a = 0}. 
Here, let a G M>o, so that 

We have that is trivially a Lagrangian submanifold of T*S^. Note that 
this space develops a singularity as a — >■ 0, and furthermore that near the 
singular point Wi = ■ ■ ■ = W4 = in Xq, the topology is that of a cone. 

To complete the transition, we can blow up the singularity of Xq. Let 
[xq, xi] be homogeneous coordinates on P^, and define Xr = 

{{wi, . . . , W4, [xq, Xi]) G X : WiXq — W3X1 = 0, W2X1 + w^Xq = 0}. 

Above, r is the real Kahler parameter depending on the choice of Kahler 
class corresponding to the exceptional P^. It is known that there is a diffeo- 
morphism Xr = 0{-l) © 0{-l) P^^lSj. 

To summarize, then, the geometric transition just considered is 

-y- a^O blowup „ , ^ 

Aq > Aq > Aj,. [L) 

Now we will briefiy discuss the physical duality, and what this means for 
mathematicians. It is expected that closed A model topological strings on 
C(-l) © P^are equivalent to open A model strings on T*S^. Now, 

for example, closed string mirror symmetry postulates a local isomorphism 
between the complexified Kahler moduli space of a family of A model Calabi- 
Yaus and the complex moduli space of a different family of Calabi-Yaus in the 
B model. Here, there is a similar type of equivalence, except that there are 
A model strings on both sides of the transition. This means that we must 
match a function of the closed string A model moduli space (namely, the 
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complexified Kahler moduli space of 1) (B 0{—l) P^) with a function 
of the open string A model moduli space on T*S^. 

The A model moduli space, generally speaking, consists of the complexi- 
fied Kahler moduli together with the location of Lagrangian 3 cycles in the 
Calabi-Yau. So, to see what physics has to say about mathematics, we would 
like to match the Gromov-Witten potential, which is a function of the com- 
plexified Kahler moduli of 0{—l) © 0{—l) P^, with a certain function 
(called the superpotential) defined on the open A model moduli space of 
T*S^. 

For our case T*S^ above, we can already see the problem with this ap- 
proach; there is no Kahler modulus on this space, and the Lagrangian 
is rigid inside T*S^. Thus, there is nothing for the superpotential to be a 
function of as there are no A model moduli. Indeed, it is the case that the 
physical superpotential on T*S^ is not a function of any geometric quantity. 

2.2 The B model conifold transition. 

Next, we will carry out the reverse transition on the mirror of the above 
construction (Q), following ^3], pQ. Recall ^21, |2] that the mirror of the 

space Xr is given by Y^-^ = 

{{x, z, 1/3, 1/4) G X (C*)^ : xz + l + y3 + y4 + ziy^y^ = 0}. 

To see how to reverse the conifold transition, beginning with the space Yzj, 
note that if t = r + i6' is the complexified Kahler modulus on Xr =0{—l) © 
0{—l) P^, then we have zi = e~*. Thus, since Xr Xq as r ^ 0, we 
should let 2:1 ^ 1 on F^^. The result is Yi = 

{{x, z, 2/3, 2/4) eC^x {C*y ■.xz + {l + y3)(l + y^) = 0}, 

which has a singularity where a; = 2; = 1 + 1/3 = 1 + 1/4 = 0. As above, this 
can be blown up to get Ys = 

{{x,z,y3,yi, [xo,x^])eC^x{C*YxF': 

xxo - (1 + y3)xi = 0, zxi + (1 + 2/4)2:0 = 0}. 

Again, [xo,a;i] are homogeneous coordinates on the exceptional P^ and s is 
determined from the real Kahler parameter on P^. 
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With these considerations, we have the extended diagram 



Xa ^ Xq ^ Xr 

Ys^ Yi^ Yz, 

The vertical arrow represents mirror symmetry, and the other arrows are 
as given by the various geometric transitions aheady described. It is beheved 
that Yg is the mirror of Xa [H! • 

Now, let's again discuss physical predictions, this time from the perspec- 
tive of the B model transition. Naturally, we should again see no mathemat- 
ical conjecture emerging from physics, as there was none from the A model 
transition. 

The closed string modulus of Y^-^ in the B model is the complex structure 
modulus zi. The relevant mathematical quantity on the moduli space of Yz^ 
that we would like to compare to a quantity on the moduli space of Ys is the 
period 

W{z,) = lilogiz^)r + J2§- 

n>0 

Note that, if we perform the indefinite integral 

J Zi 

the second term becomes J2n>o^i/^^- "^^^^ is as expected, because after 
accounting for the multiple cover formula, this predicts the existence of a 
single holomorphic sphere in the mirror geometry. Clearly this is the case for 
©C(-l) -^¥\ 

(There is a peculiarity in the Picard- Fuchs system on the mirror of 
C(-l) © 0(-l) in that it does not annihilate W{zi). This will be 

addressed in a forthcoming paper.) 

To make a meaningful comparison between the function W{zi) and the 
function on the moduli space of Yg, we are supposed to set 2;i = 1 in the 
above P J3] . This corresponds to the limit zi — > 1 that was passed through 
in the construction of 1^. Then we get W{zi = 1) = const. 

Next, we move to the moduli space of Yg. As this is in the open B model, 
the moduli are the complex structure modulus and the position of the ex- 
ceptional P^. Now, from 0| we have that the quantity on the moduli space 
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of Ys that should match W above is the superpotential 

Wiv)= [ ils. 
Jr{v) 

Here T{v) is a 3- manifold such that dr{v) = P-*^ — P^(f)(that is, a 1 parameter 
family of exceptional P^'s) and Qg is a holomorphic (3,0) form on Yg. Also, 
P^ is some fixed representative in the homology class of the exceptional P^. 
As the P^ is rigid, W is zero as expected; thus, we need a more nontrivial 
geometry on which to test B model geometric transitions. Still, we find some 
correspondence in the sense that W{v) and W{zi = 1) are both constants. 

3 Review of a generalized conifold transition. 

Next, we would like to imbed the above transition in a more complex case, 
as in [1 . Note that, for a geometric transition to make sense in physics, 
there must always be a P^ in the total space (say X) such that Mpi/x — 
0{—l) © 0{—l). In the case studied below, there are now 2 P-^'s, with 
respective normal bundles (9(— 1)©(9(— 1) and 0(B0{—2). We will shrink the 
P^ with normal bundle 0{—l) © 0{—l) and deform the resulting singularity 
so that an is in the place of the P^ (this is actually the reverse direction 
of the transition shown in the sequel). 

The equivalence of A model functions on the geometric transition has 
been worked out in ^j, and some physical calculations on the B model have 
been done in p[] . The aim of the work in this paper is to put such calculations 
on clear mathematical footing. 

3.1 Setup of the 74-model. 

For consistency with the previous section, we derive the same chain of tran- 
sitions for this new case. Set Xr,a = 

{{wi, W2, Ws, [xo, Xi] G X P^ : wiXq + W2W3X1 + axi = 0}. (2) 

Again, a G M>o, and r is the real Kahler parameter corresponding to the P^. 
On this space, we have two coordinate patches corresponding to the hemi- 
spheres of the P^; the local equations in each are given by 

Ui{r, a) = {wix + W2W3 + a = 0}, W2(r, a) = {wi + W2W3X' + ax' = 0} 
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where x = xq/xi and the transition function is x = 1/x' . In the first coordi- 
nate patch, as a ^ our space can be seen to develop the same singularity 
as we had in section 2. Define 

X,,o = Wi(r,0)UW2(r,0). 

Then we blow the first coordinate patch up along wi = W2 = to get 
Vi(r, s) = {wiUq — W2U1 = 0, xui + ^3^0 = 0} 

with [uq, Ui] homogeneous coordinates on and s determined by the excep- 
tional P^. Finally, set 

= Vi(r,s)u4(r, 0). 

It is known PIP that this space contains 2 P^'s, Ci and C2, such that 
^fc,/Xr,s =0® 0{-2) and A^c./x., = © 0{-l). 

Then, the equivalence of the relevant A model quantities on X^^s and „ 
has already been shown Thus, we move directly to the mirror of this 
transition. 

3.2 The B model. 

We have that the mirror of the is given by the hypersurface Y^-^ ^2 = 

{{x, z, yi, 2/2) G C X (C*)2 :xz + l + yi + y2 + z^y^^ + ziZ2y^^y2 = 0}. (3) 

The relationship between (r, s) and the complex variables (21,^2) is: if ti = 
r + iOi, t2 = s + i62 are the complexified Kahler parameters, then Zi = 
e-*% i = 1,2. 

From the previous section, recall that s corresponds to the size of the 
curve with normal bundle A/ca/x^.s — © This means that 

we expect to take a limit ^2 — ^ 1 in order to pass the space ^21, 22 through 
the reverse conifold transition. However, there is a physical subtlety at this 
point which states that there should be corrections to the variable Z2, and 
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thus ^2 1 is not quite the right hmit. This will be clarified in the section 
on the Picard- Fuchs operators; for now, in order to exhibit the singularity of 
the intermediate space we simply perform a change of variables. This 
follows pp. 

Then, make the definitions 

1/. = ^, -i = (rT^' -2 = /3(i + «) (4) 

for 2 = 1,2, with a,P e C* and |a| < 1. 

With respect to these coordinates, we arrive at the transformed equation 
for F^i,22, which is F^,/? = 

{{x,z',vi,V2) G C^x (C*)^ : xz' + l + a + vi + V2 + av];^ + a(3v];^V2 = 0}, (5) 
with z' = z{l + a). Then, taking /5 — > 1, we get the singular space Ya,i = 

{{x,z\vuV2) G X (C*)2 : xz' + {1 + vi + V2){1 + av^^) = 0}, (6) 

and then the natural thing is to blow up the singularity like we did earlier; 
if [xo,Xi] are homogeneous coordinates on P^, the result is Ya,b = 

{xxq - {I+V2 + V2)xi = z'xi + (1 + av^^)xo = 0} (7) 

which lives in x (C*)^ x P^, and b is determined by the exceptional P^. 

After all these considerations, we have a diagram for this more complex 
case: 



Ya,b^ Ya,l^ ^i,Z2 ^,/3 

This summarizes all transitions involved. Next, we would like to clarify the 
predicted mathematical equivalences. 
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3.3 Expected dualities on the B model transition. 

Similarly to the usual conifold transition case, the spaces on which we hope 
to match functions are Ya^b and ^21,22- More precisely, from physics it is 
expected that the relevant quantity for comparison coming from Y^-^^z^ is a 
particular period of 1^^1,23) which is a function of ^1,22; this is because we 
are working with closed strings on ^21,22- order to determine the period, 
it suffices to write down the Picard- Fuchs system for Y^-^^^^, and use the 
Frobenius method to generate the appropriate function for comparison. 

In fact, there is a bit more to it than just this, as was observed in P].|14j. 
Across the geometric transition, we are taking a to zero size, but according 
to physics we expect that there are corrections to the size of the P^. This will 
be discussed in detail in the sequel. 

Next, we must identify the corresponding function on the moduli space of 
Ya,b ■ As before, this moduli space consists of the complex structure moduli 
of Ya,b together with the position of the exceptional P^. Now in this case, the 
P^ actually moves in a 1 parameter family; therefore the earlier mentioned 
integral 

w{v) = [ 

Jr{v) 

will yield a nontrivial (and 1 parameter) solution for this case. The object, 
then, is to match the appropriately identified period on 1^2^ 22 with the func- 
tion W{v) defined on the open string moduli space of Ya,b ■ The next sections 
will carefully derive these relations. 

3.4 Periods on ^zi,z2' 

While periods on noncompact Calabi-Yaus have yet to be put on completely 
rigorous grounds, their heuristics for some cases have been explained 5], and 
a recent paper of Hosono |4j clarified the meaning of noncompact period 
integrals. 

We are working with the space 1^21,22 = 
{(x, z, y,,y2) e X (C*)' : xz + 1 + y, + y2 + Ziy^' + ZiZ2y^^y2 = / = 0}. 

Then j3| the period integrals of 1^21,22 are defined to be 
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Wr{z,,z,) = / ^ /^^^ ^ (8) 

Jr xz+l + yi + y2 + Ziy^ + ziZ2y^ y2 

foiTeH^iC^ X (C*)2-/,Z). 

In this form, it's a bit difficult to see what the Picard- Fuchs system 
annihilating the Wr{zi,Z2) ought to be. So, we perform a standard trick 
of enlarging the moduli space and taking a quotient at the end. This is 
equivalent to adding additional GKZ operators to the Picard- Fuchs system. 

Then, the integrals we would like to consider are 



Wriao, ...,a4)=J 



dxdz^^ 
yi y2 



r xz + ao + aiyi + 021/2 + aWi ^ + claVi ^V^ 

From this, it is easy to produce operators that annihilate the Wr{ao, . . . , 04); 
these are 



After this, we can use standard techniques ^Zj [H] as follows. The operators 
£1, £2 determine two canonical variables 

0,103 O0O2 
Zi = — —, Z2 = , . 

Oq O1O4 



In terms of these variables, £1, £2 can be rewritten as follows. Set 6i 



Zi-$-, i = 1, 2. The new operators read 



= e^iOr - 62) - ^i(20i - e2){l + 26^ - 62), (9) 
V2 = {29^- 92)62 -Z2{ei- 92)92. 

The solutions of these will be the periods. All solutions are generated, via 
the Frobenius method, from the function 



^o{z,p) = ^c{f^,p)zT 



+pl n2+p2 



n>0 
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where 



c{n,p) = 

[r(l - 2ni - 2pi +n2 + P2)r(l + ni + pi - ^2 - P2)* 

r(i + + P2)r(i + m + pi)r(i - ^2 - pa)]"^ 



Then, we find two logarithmic solutions, which are 



h{z) = log{z,) + 2j2 



{2ni 



(2ni - 1)! 



ni>0 



(m!) 



(10) 



At this point, it is possible to explain the need for the change of variables 
in the B model given in section 3.2. It is most natural to just let Z2 ^ 1 
above, but from physics there are corrections to the volume of the P^. The 
mirror map ^1,^2 represents the corrected volume of the P^'s; therefore, by 
changing variables to ti,t2 and taking ^2 to zero, the B model geometry will 
pass through the looked-for singularity. The reason this problem did not 
emerge for the usual conifold transition is that, for that example, the mirror 
map is trivial, and hence no correction is needed. 

Next, we give the double logarithmic solution of the PF system (modulo 
the log terms): 



Now, let us discuss some general features of the solutions of the system 
(jni). We have that ti, ^2 and W are solutions, but how can we determine 
which one (if any) of these is the right one for comparison with a function 
defined on the moduli space of Ya,b ? Recall j3] jlj that the solutions gener- 
ated by the Frobenius method of such a noncompact system of Picard- Fuchs 
equations can be arranged in a period vector 




(11) 



^{Zi,Z2) = (1, h, t 



dT dT 
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Above, ti, t2 are the mirror map (and also the logarithmic solutions), and T 
is the prepotential, which gives enumerative predictions for curve counting 
in the mirror geometry (after the insertion of the inverse mirror map and 
the multiple cover formula are included). Further, dT jdti are the double 
logarithmic solutions. 

With this notation, the equation (fTT|) becomes 

dT 

The reason that this has been singled out for comparison is as follows. Of 
the two double logarithmic solutions of the system, one (dJ^/dti) will not be 
well defined, because the imbedded in the mirror geometry corresponding 
to the variable ti moves in an (unbounded) 1-parameter family; thus we do 
not expect sensible enumerative predictions from that particular double log 
solution. That leaves only one for consideration, which we identify with W 
(as in etc). 

This concludes the period integral computation on F^^^zj. We now turn 
to the (open string) calculation on Ya,b ■ 

3.5 The open string superpotential on Ya,b • 

We now refer back to the defining equations ((Tj) of Ya,b '■ 

{xxq - (1 + ^2 + ^^2)2^1 = z'xi + (1 + avY^)xQ = 0}. 

Recall that {x, z', vi, vi, [xq, xi]) G x (C*)^ x Let u = xq/xi for xi ^ 0, 
and u' = xi/xq for xq 7^ 0. Then Ya,b has two coordinate patches, Wj = 
n {xi 7^ 0}, z = 0, 1, in which we get local equations: 

Wo = {x = {l + Vi + V2)u, z'u = -(1 + av^^)}, (12) 
Wi = {xu' = l+vi + V2, z = -(1 + av^^y}. (13) 
In order to compute the thing we would like to use to compare with the closed 
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string caculation of the previous section, we need to find a holomorphic (3, 0) 
form on Ya,b ■ 

From the blowup of section 3.1, we get a projection map 

SO we can pull back a form on i to each coordinate patch Wq, Wi. For 
the form on Ya,i, use 

Resi- 



\xz' + {l + vi+ V2){1 + av^^) 
Then we will take 

~ dz'dvidv2 ^ dxdvidv2 
"0 = — ; ? "1 = • 

Z'ViV2 XV1V2 

There are two restricted projection mappings 

VTi : Wi — > Ya,i, Hi = vr|w,, i = 0,1, 

and then we can pull back the forms with these to get Qi = 7r*f2j. 

To do this properly, from the defining equations (fT ^ .lfT ^ one can see 
that {z',u,V2) is a natural set of coordinates on Wo and similarly {x,u',vi) 
are coordinates on Wi. Then, from the two restriction maps vr,, we find 

dz'dudv2 „ dxdu'dvi 
"0 = T, — ; — T\ — ' ^^1 



1^1 + z'u)V2 ' {xu' — 1 — VijVi 

This gives a (3, 0) form for Ya^b ■ 

Next, recall [3] that the superpotential, which is the function we are try- 
ing to match, can be defined as an integral 



Jt(v) 

where the VLi are as above and T{y) is a 1 parameter family of P^'s; so, 
r = X /, where / is a closed interval. More specifically, in the first (resp. 
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second) patch, vi (^2) will be the deformation parameter on the exceptional 
with respect to a fixed representative in its homology class, and the other 

coordinates will be taken as coordinates. We will integrate over each half 

of the P^ separately. 

First, work on Wq. The integral then looks like 



r pV2=V2 r 

Woiv*) = fio = / / 

Jt{v*) Jv2=e JP 



dududv2 

T{v*)"" Jv2=e Jpi_{l+Uu)v2 

where we have identified V2 as the coordinate parameterizing the family F, 
and also have set z' — u since the integration is over the P^. This integral 
gives 



, *x P"^' r""° r^=^^ rdrdO dv2 , , Ox, / *x 

Jv2=e Jr=0 J 6=0 + ^ ^2 

and here c = irlog {1 + rQ)log{e) . The choice V2 = e represents a fixed element 
in the homology class of the exceptional P^. At this point, ro is left free, but 
will be set to a specific value after integration over the second coordinate 
patch. 

Next, in Wi, it is natural to use Vi as the coordinate on the family of 
P-'^'s. Let f 1 = 5 be a fixed representative from the class of P^. We also let 
X — u' so that the integration over F = P^ x / is sensible: 



Jrw) Jvi=5 ^Pi U 



du'du' dvi 



rK) Jv^=s Jf\ (1 + -"1 - Iwr j Vl 
* j_ e=2^ ^^^^^ ^ 

Jvi=S Jr=Q J 6=0 (1 + t^l - r'^) Vl 



/ {log{l + vi-{-f)-log{l + Vi))^ 
up to an overall multiplicative factor of — tt. From here, let ro = 1; then the 
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above becomes 

r\log{v,) - logil + v,))^ = - T log(l + 1)^ = 



n>0 

for the second coordinate patch, up to an additive constant. This is the piece 
of interest for comparison with the earher calculations. 

3.6 Equivalence. 

Finally, it will be shown that the result (fTT|) matches above. 

Theorem. The functions W(ti,t2), Wi{{vl)^^) agree when t2 = 0. 

Proof. Recall the variable change formulas that were used to exhibit the 
B model conifold singularity (j3)): 

rv 

^i = 7T^^' ^2 = /5(l + a). (16) 
(1 + a)"^ 

Note the similarities of this to the exponentiated mirror map (|1U|) 
where 

^ ^ (2^1-1)! „i 

ni>0 ^ ^ ' 

This is expected, because to see the conifold singularity in the space l^zi,22! 
the volume parameter of the had to be corrected (via the mirror map) to 
get F„,/3. 

To see that the transformations ()16p and ()10|) are indeed the same, we 
can use the formula jTTj 



t,{z) = log{z,) + 2 ^ = log[ j. 

ni>0 ^ ' 
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By making the identification a = e*^ and using the above formula, it is easy 
to show that e*^ = zi(l + e*^)^. Then, since we also have e*^ = zie'^^ , we can 
conclude that 1 + e*^ = e"^; thus, we find agreement between ([1^) and (fTUj) . 

Then, from the above, in order to get a match between the period (jlip 
with our open string function (jl5|) . we must make the same change of coordi- 
nates on the function (jllj) as we did on the space 1^21,22! this of course means 
inserting the mirror map (fTUj) into The result of this is 



not including logarithmic terms. For the last step JJ, recall that there is the 
identification 




(17) 



Then the predicted equivalence of functions is that 



w{h,o) = w,{{vir'), 



and this is indeed the case (up to constant and logarithmic terms). 



□ 
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